Monte Carlo valuation continued:

Exact method with no discretization error: 

Use Ito’s lemma to define the process ln(S)
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implying:
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Where dX = randn*sqrt(dt)

Where possible, for Monte Carlo simulations, the exact formulation is preferred to methods involving discretization error.

Risk neutral valuation for a derivative providing a payoff at one particular time:

· Assume the expected return from the underlying asset is the risk-free interest rate, r ((=r).

· Calculate the expected payoff of the derivative at expiration.

· Discount the expected payoff at the risk-free rate.

The risk neutral process is equivalent to the real process, i.e. assigns positive probability to all terminal events for which the real process assigns positive probability, and has the same volatility as the real process. 

Monte Carlo pricing of european derivatives:

· Simulate many trials of the underlying’s path from the present through the expiration date using the risk neutral process.  

· Calculate the derivative’s payoff for each trial. 

· Compute the average payoff and discount at the risk-free rate back to the present.

Valuing an Asian option:

S=100;
s=.20;
K=100;
r=0.05;
T=1.0;
randn('state',0);
td=252;              % Trading days in year (time to option expiration)
dt=1/td;             % Stochastic process updated daily
N=1000;              % Number of Monte Carlo (MC) trials
Smc=zeros(td,1);
Smc(1,1)=S;                 % First price in MC trial
CT=zeros(N,1);              % Asian call option payoff
                            % dX = N(0,1)*sqrt(dt)
                            % Exact method
for k = 1:N
for j=2:td
    x=randn(1);
       Smc1=Smc(j-1,1).*exp((r-0.5*s^2)*dt +s*sqrt(dt)*x);
   Smc(j,1)=Smc1;
end
   CT(k)=max(mean(Smc)-K,0);
end
c=exp(-r*T)*mean(CT)
Multivariate systems:

When the derivative value is a function of more than one underlying.  

f = f
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and each underlying is assumed to follow a geometric Brownian motion 
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The proposed MC multivariate generating process allows contemporaneous correlation of random shocks, (.  Autocorrelation within or across processes is not explicitly accommodated in this model.
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How to simulate multidimensional process (S1,S2, …, Sk)? Where each process if independent could be simulated:
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boils down to imposing the appropriate correlation structure on the (kx1) vector, (=randn(k,1).

Generate k uncorrelated normal distributed variables ((1,(2, …,(k)
Impose the appropriate correlation structure, i.e. create contemporaneously correlated random draws with the Cholesky factorization

( = MT(
Where:

M = upper triangular matrix satisfying

MTM = ( 

( = correlation matrix

As long as ( is symmetric positive definite (check eigen values () of  there is a unique upper triangular matrix M such that MTM = (.  This is called Cholesky factorization.  The Cholesky factorization is computed in MatLab by the “chol” function.

Note for systems of two random variates the Cholesky’s factorization simplifies to:

“When two correlated samples e1 and e2 from standard normal distributions are required, an appropriate procedure is as follows.  Independent samples x1 and x2 from a univariate standardized normal distribution are obtained.  The required samples e1 and e2 are then calculated as follows:

e1 = x1
e2 = 
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Hull:  Options, Futures and Other Derivatives, 5th Edition, pg. 412.”

Basket option (Hull page 446):

A basket option’s payoff is defined for a function of a set of prices.  The european call basket option valued below gives the owner the right to purchase one of three common stocks on the option’s expiration date at the strike price. 

S1,S2,S3 are the current prices of the three stocks comprising the basket.

s1,s2,s3 are the annualized volatility of logarithmic returns.

% european call basket option
S1=100;S2=100;S3=100;
s1=0.2;s2=0.3;s3=0.25;
K=110;
r=0.05;
T=0.5;
R=[1.0 0.8 0.7,             % Correlations between logarithmic returns
    0.8 1.0 0.65
    0.7 0.65 1.0];
eig(R)                      % Check for positive definite 
M=chol(R)
N=1000; 
CT=zeros(N,1);
randn('state',0);
for j=1:N              %Exact method applied to three correlated prices
x=randn(3,1);
e=M'*x;
    S1T=S1*exp(r-0.5*s1^2+s1*e(1)*sqrt(T));
    S2T=S2*exp(r-0.5*s1^2+s1*e(2)*sqrt(T));
    S3T=S3*exp(r-0.5*s1^2+s1*e(3)*sqrt(T));
    Z=[S1T-K S2T-K S3T-K 0.0];
    CT(j)=max(Z);
end
c=exp(-r*T)*mean(CT)
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